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 The existing unidirectionally reinforced neo-Hookean material models fail to 
capture the anisotropic compressibility of the material in the absence of the fibres. In 
this paper, the mechanical responses of a recently developed hyperelastic model for 
the neo-Hookean solids with aligned continuous cylindrical pores under finite 
homogeneous deformation that can capture the anisotropic compressibility as well as 
the coupling between the volumetric and deviatoric behaviours are examined. To this 
end, the strain energy function of this hyperelastic compressible transversely isotropic 
model contains terms for the coupling of volumetric and deviatoric behaviours. It is 
shown that, the asymptotic response of this anisotropic compressible model under 
extreme loading situations is considerably different from that of incompressible 
models. The unstable behaviour of the porous solid under hydrostatic stress/strain 
loadings is discussed in detail. When a general simple 2D shear deformation is 
applied to this porous solid in 1 2−i i  plane, the normal stress in the third axial 
2 
direction ( 3i ) is nonzero. The loss of monotonicity of the stress tensor under off-axis 
simple 2D shear loading is demonstrated as well.  
Keywords: neo-Hookean material; multiplicative decomposition; nonlinear elasticity; 
transverse isotropy; anisotropy; porous material; large deformation; finite strain 
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1.  Introduction 
 Recently several anisotropic nonlinear hyperelastic models have been proposed to 
simulate the macroscopic mechanical behaviour of fibre-reinforced composites in 
finite deformation regime [1-10]. Some models developed for the anisotropic 
hyperelastic solid take into account material microstructure in which the neo-Hookean 
matrix is reinforced by initially crimped stiff fibres with an angular distribution [11, 
12]. When the materials are reinforced with continuous fibres, the anisotropy is 
usually associated with the direction and properties of the fibre and the interaction 
between the fibre and the matrix. If an isotropic material is directionally reinforced 
with randomly distributed continuous fibres, it can be treated as initially transversely 
isotropic from the macroscopic point of view because of the rotational symmetry in 
the plane transverse to the fibre direction [13]. In nonlinear finite strain elasticity, the 
macroscopic mechanical behaviour of the material can be described by the elastic 
strain energy density function. Two approaches can be used to represent the strain 
energy function in hyperelastic models for fibre-reinforced composites. One is to use 
the strain components directly (e.g., the famous “Fung-type” models for soft tissue 
[14]). However, it is found recently that this approach may suffer from convexity 
problems [15] and some models have difficulty in satisfying traction-free boundary 
condition [16]. Another approach is to use the invariants of a certain deformation 
tensor and preferred material directions [17]. It is well-known that we may use three 
invariants to define the strain energy for isotropic materials, but additional invariants 
are required to represent the deformation of anisotropic materials. For transverse 
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isotropy, we need two additional invariants [17]. Sometimes the kinematic constraints 
(e.g., incompressibility) reduce the number of strain invariants required for the strain 
energy function. For example, when the transversely isotropic material is 
incompressible, the number of strain invariants required is reduced from five to four 
[17]. The material instability analysis (e.g., loss of ellipticity) is also based on the 
strain energy function [2, 5, 18, 19].  
 In classical models, the strain energy function for fibre reinforced materials is 
usually composed of two terms: The contribution from the matrix, and the 
contribution from the embedded fibres [1, 3, 20, 21]. In these models, although the 
importance of the interaction between the fibre and the matrix is acknowledged (for 
example, in linear elasticity, it is well-known that the embedded fibres increase the 
shear stiffness of the composite [22]), the interaction is ignored due to the difficulty to 
characterise it in finite deformation. It was recently discovered that it is vital to 
include fibre-matrix interaction to predict correctly the fibre orientation in the human 
intervertebral disc [23]. The fibre-matrix interaction for fibre-reinforced neo-Hookean 
solids was also successfully estimated based on micromechanics and composite 
theory by deBotton et al. [24, 25] and Guo et al. [6, 8, 9]. Although incompressible 
transversely isotropic material has been extensively investigated in the literature (e.g., 
[1-8, 16-21]), transversely isotropic compressibility has received little attention. It is a 
common practice to model transversely isotropic compressible materials by adding a 
volumetric strain energy term to the deviatoric strain energy function derived for 
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isochoric deformation in the transversely isotropic incompressible models (e.g., Eq. 
(6.214) at page 271 in [26]). These models can be employed to simulate nearly 
incompressible anisotropic materials where the volumetric strain energy term is used 
as a penalty function [27]. However, when the compressibility of the anisotropic 
materials is finite (e.g., anisotropic porous materials such as foams), these models 
become theoretically questionable because they predict hydrostatic stress state under 
hydrostatic strain deformation, which is not true in general for anisotropic materials 
[10]. Hence it is necessary to introduce anisotropic compressibility term to the strain 
energy function in hyperelastic models for compressible transversely isotropic 
materials when the compressibility is not negligible. In a recent paper [10], a 
micromechanics based approach was employed to model the neo-Hookean solids with 
aligned continuous cylindrical pores, the simplest compressible transversely isotropic 
materials, and an explicit strain energy function was proposed to model anisotropic 
compressibility. The accuracy of this model is also partially verified by 2D numerical 
simulations [10, 28]. To illustrate the importance of the introduction of anisotropic 
compressibility to strain energy function, in this paper, the mechanical behaviour of a 
recently developed hyperelastic model [10] for the neo-Hookean solids with aligned 
continuous cylindrical pores under homogeneous deformation is investigated in finite 
deformation regime. Although the neo-Hookean matrix itself is incompressible, the 
porous solid is compressible because of the cylindrical pores. Because 
microstructure-based numerical simulations show that the hyperelastic model fits the 
mechanical responses of the material very well in moderate deformation regime [10, 
6 
28], special attention is paid to the asymptotic response of the model in extreme 
loading situations. 
 The structure of this paper is as follows. In section 2, a multiplicative 
decomposition of the deformation gradient for compressible transversely isotropic 
materials and the hyperelastic model for the porous transversely isotropic material are 
introduced. In section 3, the mechanical responses of the composite model under 
simple deformations in the preferred direction are discussed, where the anisotropy of 
the material is re-examined under hydrostatic strain deformation and hydrostatic stress 
deformation. In section 4, the mechanical behaviours of the porous solid under 
general simple 2D shear deformations are explored, in which the preferred direction is 
either in or perpendicular to the shear plane. In section 5, the hyperelastic model is 
linearised and the parameters are related to those of the classical linear elastic 
transversely isotropic model. The paper is concluded in section 6 where the 
implications of this study are pointed out. 
2.  Constitutive model for porous neo-Hookean solid
2.1  General format of the constitutive model 
 The mechanical behaviour of a hyperelastic material can be determined by its 
strain energy function and hence the key issue of the constitutive modelling of 
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hyperelastic materials is to construct an appropriate strain energy function W. For 
isotropic materials, the strain energy function W can be represented as a scalar function 
of the right Cauchy-Green deformation tensor T=C F F , where = ∂ ∂F x X  is the 
deformation gradient tensor. Here X is the position vector of a material particle in the 
original (undeformed) configuration, while its corresponding position vector in the 
current (deformed) configuration is represented by x. An alternative way is to write 
the strain energy function W as a function of the three invariants of C: 
( ) ( )1 2 3, ,W W I I I=C , (1) 
where the three principal invariants of C, denoted as I1, I2 and I3, are defined as 
( ) ( ) ( ) ( )2 21 2 31tr , tr tr , det
2
I I I = = − =
 
C C C C C C C . (2) 
For general (initially) transversely isotropic materials, the preferred direction of the 
material (in the undeformed configuration), which is also the axis of isotropy, can be 
represented as a unit vector A. For example, the preferred direction of a unidirectional 
fibre-reinforced composite is the orientation of the fibres. Similarly, for the isotropic 
matrix with aligned continuous cylindrical pores, the preferred direction of the 
material is the direction of the aligned cylindrical pores (the pores can be considered 
as “void fibres” here). For this kind of materials, the strain energy function W also 
depends on the unit vector A, as well as the deformation tensor C, i.e., ( ),W W= C A . 
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The strain energy function W can also be represented as a function of an extended set 
of invariants [17] 
( ) ( )1 2 3 4 5, , , , ,W W I I I I I=C A , (3) 
where the two additional invariants 4I  and 5I  are defined as  
( ) ( )2 24 5, , ,FI Iλ= ⋅ ⋅ = = ⋅ ⋅C A A C A C A A C A . (4) 
Here Fλ = FA  is the stretch ratio along the preferred direction. We note that the 
strain energy function W can be defined as a function of other invariant sets. For 
example, Criscione et al. [29] propose another set of invariants for transversely 
isotropic materials. 
 When the strain energy function W is defined, the Cauchy stress tensor T can be 
computed as 
12 T
W
J −
∂
=
∂
T F F
C
, (5) 
where det( )J = F  represents the volume change ratio. If the material is 
incompressible ( 1J ≡ ), the Cauchy stress tensor reads: 
9 
2 T
W
p
∂
= −
∂
T F F I
C
, (6) 
where p is the pressure, I is the 2
nd
 order unit tensor. If the strain energy function W is 
represented as (3), for a compressible material, the Cauchy stress tensor can be written 
as [17] 
( ) ( ) ( ){ }1 2 23 3 3 1 1 2 2 4 4 4 52I I W W I W W I W I W−= + + − + ⊗ + ⊗ + ⊗ 
 
T I B B a a Ba a a Ba ,(7) 
where , 1, 2,...,5i iW W I i= ∂ ∂ = ; B is the left Cauchy-Green deformation tensor 
T
=B FF ; a is the unit vector in the direction of FA, =a FA FA . If the material is 
incompressible, the Cauchy stress tensor reads 
( ) ( ) ( ){ }21 1 2 2 4 4 4 52 W I W W I W I W p= + − + ⊗ + ⊗ + ⊗ − 
 
T B B a a Ba a a Ba I . (8) 
2.2  Multiplicative decomposition of the deformation gradient 
 The constitutive model of the porous neo-Hookean solids is developed based on a 
specific multiplicative decomposition of the deformation gradient [10], which is a 
natural extension of the multiplicative decomposition originally proposed for 
incompressible transversely isotropic materials [6] to compressible transversely 
isotropic materials. According to this decomposition, any general deformation of a 
compressible transversely isotropic material can be decomposed into three parts: an 
10 
isochoric uniaxial deformation along the preferred direction, an equi-biaxial 
deformation on the transverse plane, and subsequent shear deformation. For the sake of 
completeness, this multiplicative decomposition is briefly introduced here (For details, 
the readers are referred to [10]). 
 For any general deformation gradient tensor F of a compressible transversely 
isotropic material, by choosing appropriate coordinate system and applying particular 
rigid body rotation R, we may obtain a new equivalent deformation gradient tensor 
*
=F RF  such that [10] 
* *
12 13
* *
230
0 0
F
F
F
F F
J F
J
λ
λ
λ
 
 
=
 
 
 
 
F . (9) 
where 3detJ I= =F . We may define the deformation gradient tensor for an 
isochoric uniaxial deformation along the preferred direction of the material as follows 
to obtain the stretch ratio Fλ  (along the preferred direction): 
* 1 2 1 2
p F F Fdiag λ λ λ− − =
 
F . (10) 
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After that, to achieve the desired volume change, we may introduce an equi-biaxial 
deformation on the transverse plane and the corresponding deformation gradient 
tensor *bF  reads: 
* 1b diag J J =
 
F . (11) 
The remaining deformation gradient can then be computed by 
( ) ( )
* *
12 13
1 1
* * * * *
23
1
0 1
0 0 1
F F
s p b F
F J F J
F J
λ λ
λ− −
 
 
= =
 
 
 
 
F F F F , (12) 
which can be interpreted as shear deformations only (Fig. 1). Here we may call *12F , 
*
13F  as “along-fibre” shears, and 
*
23F  as “transverse” shear. These shear deformations 
can be related to the invariants of C  by 
( ) ( ) 22 2* * 5 412 13
4
I I
F F
I
−
+ = ,  ( )2 5 3 4*23 1
4
2I I I
F I
I
+
= −
.  
(13) 
The multiplicative decomposition of the deformation gradient *F  can therefore be 
represented as [10] 
12 
* * * * * * *
s b p s p b= =F F F F F F F . (14) 
Here the sequence of *pF  and 
*
bF  can be exchanged because they are both diagonal 
matrices.  
2.3  Strain energy function 
 Denote the (initial) volume fractions of the matrix and the voids as vm and vf
respectively (vf + vm = 1). The strain energy function for the incompressible 
neo-Hookean matrix is 
( )1 3
2
mW I
µ
= − , (15) 
where mµ  is the shear modulus of the matrix. The strain energy function W for the 
porous neo-Hookean solids can be constructed based on the cylindrical composite 
element model and the multiplicative decomposition of the deformation gradient [10] 
as follows:  
( ) ( )
1 2
4 4
1 2 3
4 1 4
4
1
v 2 3
2
v v
1 ln 2
2 v 2 1+v
p b s m m
m m m m
f f
W W W W I I
J I
J I I I
J I
µ
µ µ
−
−
 = + + = + −
 
 
 
−
+ − + − −
	 

	 

	 

	 

 
 
. (16) 
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Here pW , bW , and sW  represent the strain energy associated with deformation 
gradient *pF , 
*
bF , and 
*
sF , respectively. 
 We note that in [8] and [24], a constitutive model is developed for neo-Hookean 
fibre (directionally) reinforced incompressible solids, which is also based on the 
multiplicative decomposition of deformation gradient for incompressible transversely 
isotropic materials [8] and cylindrical composite element model [24]. In this 
incompressible model, if the shear modulus of the neo-Hookean fibre is reduced to 
zero (which implies “void fibre”), after some reorganization, the strain energy 
function can be written as 
  
( ) ( )
1 2 1 2
4 4 1 4 4
v1
v 2 3 2
2 2 1+v
In m m
m m
f
W I I I I I
µµ − − = + − + − −
 
. (17) 
It is obvious that, when there is no volume change (i.e. 3 1J I= = ), the strain 
energy we derived in (16) will be reduced to (17). Because InW  is based on an 
incompressible model, the volume change of the voids cannot be captured. When the 
strain energy function W is defined as in (16), the Cauchy stress tensor T can be 
computed by (7). For the function InW  in (17), we have to use (8) to calculate 
Cauchy stress tensor T because the incompressibility of the material is assumed. 
3.  Simple deformations in the preferred direction 
 In this section, the mechanical responses of the composite are explored under 
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simple deformations in which the principal stretch directions are either aligned with or 
normal to the preferred direction (the direction of the aligned cylindrical pores). Set the 
preferred direction 1=A i , the deformation gradient tensor F reads 
1 1 1 2 2 2 3 3 3λ λ λ= ⊗ + ⊗ + ⊗F i i i i i i , (18) 
where 0iλ > , 1,2,3i = , are the principal stretches. We note that the constraint 
1 2 3 vmJ λ λ λ= >  should be enforced. The invariants in (16) are computed as 
2 2 2 2 2 2 2 2
1 1 2 3 3 1 2 3 4 1, ,I I J Iλ λ λ λ λ λ λ= + + = = = . (19) 
The strain energy defined in (16) can then be represented as a function of iλ : 
( )
( )
( ) ( )
2 1
1 2 3 1 1
1 2 3 2 21 2 3
2 3 2 3
1 1 2 3
1ˆ , , v 2 3
2
1 v v
ln 2
2 v 2 1+v
m m
m m m m
f f
W W λ λ λ µ λ λ
µ λ λ λ λ λ λ µ λ λ λ λλ λ λ λ
−
 = = + −
 
 
−
−
+ + + −
	 

	 

 
. (20) 
According to (7), the corresponding Cauchy stress tensor T can be obtained as follows: 
11 1 1 22 2 2 33 3 3T T T= ⊗ + ⊗ + ⊗T i i i i i i , (21) 
where  
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( ) ( )
( ) ( )( )
( )
1 2 33 1 2 3
11 12
1 2 3 1 2 3 1 2 3
1 2 31 2 3
22 2 3 3
1 3 1 2 3 1 2 1 2 3
1 2 3
33 3 2 2
1 2
1 vv
2v 1 ln
2 v v
1 v2v v
ln
2 1+v v v
2v v
ln
2 1+v
mm m
m
f m
mm m m
f f m
m m m
f
T
T
T
λ λ λµ λ λ λλλ λ λ λ λ λ λ λ λ
λ λ λµ λ λ λλ λ λλ λ λ λ λ λ λ λ λ λ
µ λ λ λλ λ λλ λ
 
 
−
−
= − + +
 
	 

	 

−
 
 
 
 
 
−
−
= − + +
 
	 

	 

−
 
 
 
−
= − +
( )
( )
1 2 3
1 2 3 1 3 1 2 3
1 v
v v
m
f m
λ λ λ
λ λ λ λ λ λ λ λ
 
 
−
+
 
	 

	 

−
 
 
 
. (22) 
One may easily verify that 
( ) ( ) ( )1 2 3 1 2 3 1 2 3
11 22 33
2 3 1 1 3 2 1 2 3
ˆ ˆ ˆ, , , , , ,1 1 1
, ,
W W W
T T T
λ λ λ λ λ λ λ λ λ
λ λ λ λ λ λ λ λ λ
∂ ∂ ∂
= = =
∂ ∂ ∂
,(23) 
which can be obtained directly by analysing the strain energy of an infinitesimal 
volume. 
3.1  Uniaxial loading 
3.1.1  Uniaxial load in the preferred direction 
 For uniaxial loading in the preferred direction 1=A i , the boundary conditions 
read 22 33 0T T= = . Based on the following relation 
( )1 2 3
1 2 3
1 vv
1
v v
mm
f f
J
J
λ λ λ
λ λ λ
−
−
− = , (24) 
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if 1J > , we have ( ) ( )1 2 3 1 2 3ln v v 0m fλ λ λ λ λ λ − >
 
, and 22 0T =  in (22) implies 
that 2 3λ λ< ; while 33 0T =  leads to 2 3λ λ> . This means that, if 1J > , the 
boundary conditions 22 0T =  and 33 0T =  cannot be satisfied at the same time. 
Similarly, we can prove that J cannot be less than 1. Hence we have 1J =  and   
1 2
2 3 1λ λ λ−= =  (25) 
is the unique solution of the boundary condition equations. Substituting it to (20) and 
(22), we obtain 
( ) 2 11 1 11ˆ v 2 3 ,
2
m mW W λ µ λ λ − = = + −
 
 (26) 
and the corresponding Cauchy stress is 
2 1
11 1 1vm mT µ λ λ − = −
 
. (27) 
Based on the multiplicative decomposition (14), we know that * *p=F F  and 
* *
b s= =F F I , which means there is no equi-biaxial deformation on the transverse plane 
or shear deformation. The mechanical response of the porous neo-Hookean solid 
under uniaxial loading in the preferred direction is similar to that of the neo-Hookean 
material, though its stiffness is reduced to vm mµ .  
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3.1.2  Uniaxial load transverse to the preferred direction 
 If the uniaxial load is transverse to the preferred direction, we can set the loading 
direction as 2i , and the corresponding boundary condition then reads 11 33 0T T= = . 
Applying them to (22) and use 2λ  as the independent stretch, the boundary condition 
11 0T =  can be rewritten as 
( ) ( ) ( )31 1 1 v 1 v2v = v , =2v ln 1
v v
m m
m f m
f m
J J
f J
J J
λ
 
− −
− + −
	 

	 

−
 
; (28) 
while the equation 33 0T =  reads 
( ) ( ) ( )( )3 2 3 2
1 v 1 v2v 2v
v , ln 1
1+v 1+v v v
m mm m
f
f f f m
J J
f J
J J J
λ λ λ
 
 
− −
= = − + −
 
	 

	 

−
 
 
 
. (29) 
Because the variable 1 2 3J λ λ λ=  depends on 1λ  and 3λ , the analytical solutions of 
1λ  and 3λ  are not available. The numerical solutions of 1λ  and 3λ , as well as the 
corresponding values of J and 22T  are plotted in Figs. 2 – 4 for v 0.05, 0.2, 0.8f = . 
 Although the analytical formulae for 1λ  and 3λ  cannot be obtained, the 
response of the material under extreme tension and compression can be derived based 
on asymptotic analysis. First, it is proved that 1J >  when the material is under 
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tension (i.e. 2 1λ > ) as follows. If we assume that 1J ≤  when 2 1λ > , from (28), we 
know 1 1λ ≥ ; while it is obvious that 3 2λ λ≥  based on (29). Then it leads that 
1 2 3 1J λ λ λ= > , which is incompatible with the assumption. Hence, J must be larger 
than 1 when 2 1λ > . Similarly, we can show that 1J <  when the material is under 
compression (i.e. 2 1λ < ). Second, based on (28) and (29), ( )1 v , 0ff J >  and 
( )3 v , 0ff J >  are enforced because of the physical requirement 0iλ > . Furthermore, 
we have  
( ) ( )
( )
1
2
v , v v v
0
v
f m m f
m
f J J J
J J J
∂ − +
= − <
∂
−
, (30) 
where the physical constraints 0 v 1f< <  and vmJ >  are applied. Eq. (30) means 
that the function ( )1 v ,ff J  is a monotonically decreasing function of J. When 
J → ∞ , we have  
( )1 1vlim v , =v ln 1 ln v 1 v (v )
v
INFm
f m f f f
J
f
f J f
→∞
 
− + = + − =
	 

	 

 
. (31) 
It is easy to show that 1 (v ) 0
INF
ff <  when 0 v 1f< <  because ( )1 (v ) 0INF ff ′ >
when 0 v 1f< <  and 1 (1) 0
INFf = . Therefore we know that ( )1 v , 0ff J <  when 
J → ∞  for any ( )v 0,1f ∈ . Because ( )1 v ,1 2v 0f mf = > , based on (30), it can be 
derived that, for any ( )v 0,1f ∈ , there is an unique root of J in the region ( )1,∞  for 
the equation ( )1 v , 0ff J = , which can be represented as a function of v f , i.e., 
( )1 v 1fJ g= > . Using the same approach, we can prove that the function ( )3 v ,ff J
19 
is a monotonically decreasing function and there is also only one unique root of J for 
the equation ( )3 v , 0ff J = . The unique root is denoted as a function of v f , 
( )3 v 1fJ g= > . The functions ( )1 v fg  and ( )3 v fg  are plotted in Fig. 5, from 
which it is shown that ( ) ( )1 3v vf fg g>  when 0 v 1f< <  (at the extreme case 
v 0f = , ( ) ( )1 3v v 1f fg g= = ). This is also proved mathematically in appendix A. 
Therefore the requirement ( )1 v , 0ff J >  (which comes from 11 0T = ) implies that 
( )1 v fJ g<  and the constraint ( )3 v , 0ff J >  (which comes from 33 0T = ) means 
that ( )3 v fJ g< . The combination of these two results is ( )3 v fJ g< . 
 In the asymptotic case 2λ → ∞ , from 33 0T = , it follows that ( )3 v fJ g< . 
Therefore from (28), it can be derived that ( ) ( )31 1 3v , v 2vf f mf gλ  >
 
. Then we 
have ( ) ( ) ( ) ( )1 33 1 2 2 3 1 3v 2v v , v 0f m f fJ g f gλ λ λ λ −  = < →
 
. Applying this result 
back to (29), it follows that ( )3 v fJ g→ . Hence we have 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )
*3
1 1 3 1 3
1 23
3 3 1 3 2 22 2
3
v , v 2v v , v
v
v 2v v , v 0,
2 v 1 v
f f m f f
m m
f m f f
f f
f g J g
g f g T
g
λ λ
µλ λ λ−
 → = →
 
  → → ∞
  +
 
.(32) 
The asymptotic value ( )*1 v fλ  is plotted in Fig. 6. When v 0.05, 0.2, 0.8f = , 
( )*1 v 0.1442, 0.2095, 0.1890fλ = , respectively. 
 For another asymptotic branch 2 0λ → , it follows from the physical constraint 
vmJ >  that 1 3 2Jλ λ λ= → ∞ . Applying it to (28) and (29), it can be derived that 
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vmJ → , or v 0mJδ = − → . Based on (28), the asymptotic response of 1λ  reads 
( ) 1 331 v 2fλ δ − → ∞ . Similarly, from (29), it follows that 
( ) ( ) 13 2v 1+v 2vf f mλ λ δ − 
 
 . Substituting these results to 1 2 3 vmJ λ λ λ= → , we 
obtain ( )3 43 2 3 22v v 1 v 2 0m f fδ λ− + →
 
 
 . Hence the asymptotic behaviour can be 
derived as follows: 
( )
( ) ( )
1 4
1 2 1 2
1 2
1 4 1 2
1 2 1 2 1
3 2 22 2
v 1 v , v
v 1 v , v 1 v
m f m
m f m m f
J
T
λ λ
λ λ µ λ
−
−
−
− −
 + → ∞ →
 
 
 + → ∞ − + → −∞
 
 

 
. (33) 
It is interesting that both asymptotic behaviours are similar to those of the 
incompressible neo-Hookean fibre-reinforced composites [8]. If the deformation is 
decomposed multiplicatively, there are an isochoric uniaxial deformation along the 
preferred direction of the material ( 1i  direction), an equi-biaxial deformation on the 
transverse plane ( 2 3−i i  plane), and a subsequent transverse shear deformation. 
3.2  Biaxial loading 
If the loading is applied to two directions, there is only one stress-free principal 
direction. The deformation can then be regarded as a plane stress deformation, in which 
the plane is perpendicular to the stress-free principal direction. Here only two cases of 
biaxial loading are discussed, and other cases of biaxial loading can be treated similarly. 
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3.2.1  Stress-free in the preferred direction 
 In the first case, we consider the equibiaxial stress deformation on the transverse 
plane. The corresponding boundary conditions are 11 0T =  and 22 33T T T= = , that is, 
the preferred direction ( 1i  direction) is stress-free. It can be regarded as a plane stress 
equibiaxial stress deformation on the transverse plane ( 2 3−i i  plane). Based on the 
transverse isotropy of the material, we have 2 3λ λ λ= = . The stress-free boundary 
condition 11 0T =  leads to Eq. (28), which implies the constraint ( )1 v fJ g< .  
 In the case of extreme tension ( λ → ∞ ), it follows that 
( )2 21 1 v 0fJ gλ λ λ= < → . Applying it back to (28), we have ( )1 v fJ g→ . Hence 
the asymptotic behaviour can be summarized as: 
( ) ( )
( )
( )
( )
( )
2
1 1 1
1 1 2
1 1
v 0, v
v v v 1
ln
2v v v v v
f f
f m fm
m f f f m
g J g
g g
T
g g
λ λ
µ λ
− → →
 
− −
+ → ∞
 
−
 
 


. (34) 
 For extreme compression ( 0λ → ), we have 2 21 vmJλ λ λ= > → ∞ . It then 
follows from (28) that vmJ → , i.e., v 0mJδ = − → . Substituting it back to (28), it 
can be obtained that 3 6v v 2 0f mδ λ−≈ → . Therefore the asymptotic response can be 
derived as follows: 
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2 2 4
1 v , v , vm m m mJ Tλ λ µ λ− −→ ∞ → − → −∞  . (35) 
 Although 1λ  cannot be represented as a function of 2λ  analytically, explicit 
solutions can be obtained if the volume change ratio J is used as the parameter. From 
(28), it follows that 
( ) ( ) ( ) 1 61 61 1 231 2 3 1
1
v ,
, 2v v ,
2v
f
m f
m
f J J
J f Jλ λ λ λ λ
−
 = = = = =
 
. (36) 
where ( )1v vm fJ g< < . The explicit expression of normal stress T can then be 
obtained accordingly from (22). The responses of 1λ , J and T  are plotted against λ
in Fig. 7 and Fig. 8 for v 0.05, 0.2, 0.8f = .  
 If the multiplicative decomposition is applied to this biaxial deformation, we have 
an isochoric uniaxial deformation along the 1i  direction, and an equi-biaxial 
deformation on the 2 3−i i  plane. We note that the asymptotic analysis of other 
biaxial deformations with the preferred direction stress-free can be performed by 
applying the same procedure. 
3.2.2  Stress-free in the transverse direction 
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 Another biaxial deformation we consider is to keep the stretch on the preferred 
direction ( 1i  direction) as 1, while loading on one transverse direction (say, 2i
direction). In this case, it is stress free in another transverse direction ( 3i  direction). 
The corresponding boundary condition reads 1 1λ =  and 33 0T = . This case can be 
regarded either as a plane stress biaxial deformation on the 1 2−i i plane, or as a plane 
strain uniaxial stretch deformation on the transverse plane ( 2 3−i i  plane), which is 
usually used for 2D numerical simulation [8, 30]. The stress-free boundary condition 
33 0T =  can be rewritten as (29), which implies the constraint ( )3 v fJ g< .  
 In this loading case, when the material is under extreme tension ( 2λ → ∞ ), it 
follows that ( )3 2 3 2v 0fJ gλ λ λ= < → . Applying it back to (29), it can be derived 
that ( )3 v fJ g→ . Then the asymptotic behaviour reads: 
( ) ( ) ( )
( ) ( )
( )
( )
( )( )
( )
1 2
3 3 2 22 2
3
33
3 11
3 3 3
v
v 0,
1 v v
v 1 vv v
v , ln
2 v v v v v
m m
f
f f
f mf mm
f
f f f f m
g T
g
gg
J g T
g g g
µλ λ λ
µ
− → → ∞
+
 
−
−
 → +
 −
 
 

. (37) 
 If the material is under extreme compression ( 2 0λ → ), we have 
3 2 2vmJλ λ λ= > → ∞ . It then can be obtained from (29) that vmJ → , or 
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v 0mJδ = − → . Applying it back to (29), we have ( ) 2 22v 1+v v 2 0f f mδ λ−≈ → . Then 
the asymptotic response is: 
2
1 2
3 2 22 2
2
2
11 2
v
v ,
1 v
v
v ,
1 v
m m
m
f
m m
m
f
T
J T
µλ λ λ
µ λ
− −
−
→ ∞ − → −∞
+
→ − → −∞
+
 

. (38) 
 Similarly, from Eq. (29), 3λ  can be represented as an explicit function of 
volume change ratio J. Because 2 3Jλ λ= , we have 
( ) ( )
( ) ( )
3
3 2
3
1 v v , 2 v
,
2v 1 v v ,
f f m
m f f
J f J J
f J
λ λ
+
= =
+
. (39) 
where ( )3v vm fJ g< < . Based on (22), the normal stress components 11T  and 22T
can also be represented explicitly by parameter J. The results of 3λ , J and the normal 
stresses 22T  and 11T  are plotted in Fig. 9 and Fig. 10 against 2λ  for 
v 0.05, 0.2, 0.8f = . 
 If this biaxial deformation is multiplicatively decomposed, there are an 
equi-biaxial deformation on the 2 3−i i  plane, and a transverse shear deformation. 
Similarly, the above approach can be applied to analyze the asymptotic behaviour of 
other biaxial deformations with one transverse direction stress-free. 
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3.3  Triaxial loading 
  
Two important cases of triaxial loading will be discussed. The first one is the 
hydrostatic strain deformation ( 1 2 3λ λ λ λ= = = ), and the second one is the 
hydrostatic stress deformation ( 11 22 33T T T T= = = ).  
3.3.1  Hydrostatic strain deformation 
When the hydrostatic strain deformation is applied to the material, the boundary 
condition can be written as 1 2 3λ λ λ λ= = = . Substituting it to (22), we have 
( ) ( )
( )
( )
33
3
11 4 3 3
33
22 33 3 3 3
1 vv
2v 1 ln
2 v v
1 vv
ln
2 v v
mm m
m
f m
mm m
f m
T
T T
λµ λλλ λ λ
λµ λ
λ λ λ λ
 
−
 
−
 = − + +
	 

	 

−
 
 
 
 
−
 
−
 = = +
	 

	 

−
 
 
 
. (40) 
   
The normal stresses 11T  and 22T  are plotted in Fig. 11 for v 0.05, 0.2, 0.8f = . It is 
obvious that both 11T  and 22T  are not monotonic. It can be verified mathematically by 
investigating the following derivatives:  
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( ) ( )( )
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6 33
311
25 3 5 3
6 33
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22 3 3 3
4 10 v 7v vv
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2 v v
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λ λµ λλλ λ λ λ λ
λ λµ λ
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 
 − + + −
 
−
 
 
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 
	 

−
 
 
 
 
 − + − −
 
−
 
 
= − +
	 

 
	 

−
 
 
 
. (41) 
For any ( )v 0,1f ∈ , at 1λ = , we have ( )11 3 1 v v vf m m fdT dλ µ= +  and 
22 3 v vm m fdT dλ µ= , which are both positive. When 2λ ≥ , 11dT dλ  and 22dT dλ
are both negative because each term on the right-hand side of (41) is less than zero. It 
then follows that the maximum values of 11T  and 22T  are reached in the region 
( )1, 2λ ∈ . These maximum values 11MT  and 22MT  are plotted as functions of 
( )v 0,1f ∈  in Fig. 12. The corresponding values of λ  (i.e. ( )111 11M MT Tλ =  and 
( )222 22M MT Tλ = ) are plotted in Fig. 13. In the asymptotic case λ → ∞ , the responses of 
the material read 
1 1
11 22
1
v 0, ln v 0
2
m m m fT Tµ λ µ λ− −
 
→ − →
	 

 
  . (42) 
When the material is under extreme hydrostatic strain compression, we have 
3 vmλ → . Substituting it to (40), it follows that 11 22,T T→ −∞ → −∞ . 
 According to the multiplicative decomposition, the hydrostatic strain deformation 
can be decomposed multiplicatively to an isochoric uniaxial deformation along the 1i
direction, and an equi-biaxial deformation on the 2 3−i i  plane. 
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3.3.2  Hydrostatic stress deformation 
If the material is under hydrostatic stress deformation, the corresponding boundary 
condition reads 11 22 33T T T T= = = . Because of the transverse isotropy of the material, 
we have 2 3λ λ λ= = . Substituting 11 22T T=  in (22), we have  
( ) ( )311 22 1
1
v
2v 1 1 ln 0
2 v
m m
m
f
J
T T J
J J
µ λλ
 
 
−
− = − − − =
 
	 

	 

 
 
 
. (43) 
From (24), it follows that 31 1 0λ − ≥ , or 1 1λ ≥ . This means that the preferred direction 
will not be under contraction even a hydrostatic compression is applied to the material. 
Because 21J λ λ= , Eq. (43) can be used to obtain the relation between 1λ  and λ
numerically. The stress T , the stretch 1λ , and the volume change ratio J are plotted in 
Fig. 14 and Fig. 15 as functions of λ  for v 0.05, 0.2, 0.8f = , respectively. Here λ
( 2 3λ λ= = ) is chosen as the parameter because the relation between 1λ  and T  is not 
unique: one value of 1 1λ >  is associated with one hydrostatic tensile stress and one 
hydrostatic compression stress. For the extreme case of λ → ∞ , we have 
2 2
1J λ λ λ= ≥ → ∞ . Applying it back to (43), it can be derived that 
3 1
1
ln v ln v
, , 2 v ln v 0
2v 2v
f f
m m f
m m
J Tλ λ λ µ λ −− → ∞ − → ∞ − →   . (44) 
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For another asymptotic branch 0λ → , we have 2 21 vmJλ λ λ −= > → ∞ . Applying it 
back to (43), it can be derived that vmJ → , or v 0mJδ = − → . The asymptotic 
analysis of (43) yields that ( )4 6v v exp 2v v 0f m m fδ λ −≈ − → . Hence the asymptotic 
response can be obtained as  
( )2 2 4 61 2v , v , exp 2v v2vmm m m fmJ T
µλ λ λ λ− −→ ∞ → − → −∞  . (45) 
 To obtain the maximum value of the hydrostatic stress T , the volume change 
ratio J is used as the parameter, and 1λ  is computed from (43) as  
( )
3
1
1 v
1 ln
2v v
m
m f
J J
J
λ
 
−
−
= +
	 

	 

 
. (46) 
Substituting it to (22), the hydrostatic stress can be written as a function of J: 
( ) ( ) ( )( )
1 3
1 1 vv v
1 ln ln
2 2v v v v
mm m m
m f f m
J JJ J
T T J
J J J J
µ
−
 
   
− −
− −
= = + +
 
	 

 
	 

−
 
 
   
 
. (47) 
It can be easily verified that 0T >  when 1J > ; and 0T <  when v 1m J< < . 
Hence the maximum value of T  occurs only at the region ( )1,J ∈ ∞ . From (46), 
when ( )1,J ∈ ∞ , we have 
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( )
( )
1
1 2
1 1
1 vv1
ln 0
6v v v 3v
mm
m f m m m
JJd T
dJ J J J
λλ λ µ λ
 
−
−
′ = = + = >
 
−
 
 
. (48) 
Hence, (47) yields that 
( )
( )
2
2 22
1 1
2 v v v 2
2 3vv
m m mm
m mm
JdT T
dJ J J
µ
λ µ λ
 
− − 
 
 
= −
 
−
 
 
, (49) 
where 1λ  and T  are both functions of J, as in (46) and (47). When 1J = , it follows 
that 1 1λ = , 0T = , and v v 0m m fdT dJ µ= > . It can be verified that for any 
( )v 0,1f ∈ , when 3J = , 0dT dJ < . Therefore the maximum value of T  can be 
solved numerically in the region ( )1,3J ∈ . This maximum value MT  is plotted as a 
function of v f  in Fig. 16. The corresponding stretch ratios 1 1 2 2,
M Mλ λ λ λ= =  (such 
that MT T= ) and J are also plotted as a function of v f  in Fig. 17. We note that the 
nonmonotonic behavior of Cauchy stress under hydrostatic stress/strain tension comes 
from the decrease of the current volume fraction of matrix vm J  because Cauchy 
stress tensor is defined in current configuration. 
 If the hydrostatic stress deformation is decomposed multiplicatively, there are an 
isochoric uniaxial deformation along the 1i  direction, and an equi-biaxial deformation 
on the 2 3−i i  plane. It is shown that a hydrostatic loading here is not associated with a 
hydrostatic strain deformation, which is compatible with the anisotropy of the material.  
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4.  Simple Shear Deformation 
A simple shear deformation can be represented by the deformation gradient tensor 
1 2k= + ⊗F I e e . Here k represents the extent of the shear deformation; vector 1e  is the 
shear direction; vector 2e  (which is perpendicular to 1e ) defines the shear plane along 
with 1e . In this section, the simple shears in principal directions (directions along and 
perpendicular to preferred direction) are discussed first. Then the general simple 2D 
shears are also investigated. 
4.1  Simple shear in principal directions 
The simple shear deformation is in principal directions when the vectors 1e  and 2e
either coincide with or are perpendicular to the preferred direction of the material 1=A i . 
We need consider three cases of simple shear in principal directions: (i) simple shear in 
the preferred direction ( 1 1=e i ); (ii) “in plane” simple shear transverse to the preferred 
direction ( 2 1=e i ); and (iii) simple shear on the transverse plane (both 1e  and 2e  are 
perpendicular to the preferred direction). 
When the simple shear is in the preferred direction ( 1 1=e i ), we may choose 2e  as 
the second axis ( 2 2=e i ). Hence the deformation gradient F and the right Cauchy-Green 
deformation tensor C read   
2
1 0 1 0
0 1 0 , 1 0
0 0 1 0 0 1
k k
k k
   
   
= = +
   
   
   
F C . (50) 
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The corresponding Cauchy stress tensor can be computed from (7) and (16) as: 
2 0
v
0 0
1+v
0 0 0
m m
f
k k
k
µ
 
 
=
 
 
 
T . (51) 
The strain energy function (16) can be represented as a function of k: 
( ) ( )2ˆ v 2 1+vm m fW W k kµ= = . It then follows that ( )12 ˆT dW k dk= . The Poynting 
relation between the plane stress components of the isotropic theory, i.e. 
11 22 12T T kT− = , can also be verified in this case. If the specific deformation 
decomposition (14) is applied, we only have along fibre shear deformation involved.  
If the “in plane” simple shear deformation is applied ( 2 1=e i ), we may choose 1e
as the second axis, i.e., 2 1=i e . Then the deformation gradient tensor F and the right 
Cauchy-Green deformation tensor C can be written as   
21 0 0 1 0
1 0 , 1 0
0 0 1 0 0 1
k k
k k
 +
 
 
 
= =
 
 
 
 
 
 
F C , (52) 
from which it follows that 24 1I k= + . Based on (7) and (16) the nonzero Cauchy stress 
components can be derived as follows: 
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 
= = + − +
 
 
. (53) 
It is unusual that the simple shear deformation on 1 2−i i  plane will cause positive 
normal Cauchy stress 33T  in the direction 3i . If the direction 3i  is not constrained 
( 33 0T = ), the material will contract in this direction. It follows from (53) that 12T  is 
an odd function of k , while 11T , 22T  and 33T  are even functions of k . It is 
straightforward to verify that they are all monotonically increasing functions of k . 
The responses of those components are shown in Figs 18  21 for v 0.8f =
( 2ϕ pi= ).  In this case, the Poynting relation does not hold in general. The strain 
energy function (16) can be written as a function of k :  
( ) ( )
2 2
2
v 2ˆ v 2
2 1+v 1
m m
f
f
W W k k k
k
µ   
= = + + −
 
	 

+ 
 
 
. (54) 
Therefore we can verify that ( )12 ˆT dW k dk= . If the deformation is decomposed 
according to (14), there are uniaxial stretch along the preferred direction, as well as 
along fibre shear and transverse shear. 
 If the simple shear is in the transverse plane, 1 2×e e  is the preferred direction of 
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the material and can be chosen as the first axis 1i . Thus we may choose 1e  as the 
second axis, i.e., 2 1=i e , and therefore the third axis 3 3=i e . The deformation gradient 
F and the right Cauchy-Green deformation tensor C are then given by   
2
1 0 0 1 0 0
0 1 , 0 1
0 0 1 0 1
k k
k k
   
   
= =
   
   +
   
F C . (55) 
The Cauchy stress tensor can be computed from (7) and (16) as: 
2
0 0 0
v
0
1+v
0 0
m m
f
k k
k
µ
 
 
=
 
 
 
T . (56) 
It is easy to verify that the Poynting relation holds for this case. The strain energy 
function (16) is reduced to a function of k : ( ) ( )2ˆ v 2 1+vm m fW W k kµ= = , and 
from (56), we have ( )23 ˆT dW k dk= . If this simple shear deformation is decomposed 
according to (14), we only have transverse shear deformation involved. 
4.2  General simple 2D shear 
For general simple 2D shear deformation, the vectors 1e , 2e  and the preferred 
direction of the material A are in a single plane. The preferred direction (A or −A ) is 
chosen as the first axial 1i  such that the angle ϕ  between 1e  and 1i  satisfies 
0 2ϕ pi≤ ≤ . We choose the second axial 2i  in the same plane (of course 2i  is 
perpendicular to 1i ) such that 1 1 2cos sinϕ ϕ= +e i i . Then we have 
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( )2 1 2sin cosϕ ϕ= ± − +e i i  . Here we choose the positive sign and allow the shear value 
k to be either positive or negative. Therefore the deformation gradient F and the right 
Cauchy-Green deformation tensor C are given as (in the 1i - 2i - 3i  coordinate system) 
2
2
2 2 2
2 2 2
1 cos sin cos 0
sin 1 cos sin 0
0 0 1
1 sin 2 sin cos 2 sin 2 2 0
cos 2 sin 2 2 1 sin 2 cos 0
0 0 1
k k
k k
k k k k
k k k k
ϕ ϕ ϕ
ϕ ϕ ϕ
ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ
 −
 
= − +
 
 
 
 − + −
 
= − + +
 
 
 
F
C
, (57) 
from which we have  
2 2
4 1 2 cos sin sinI k kϕ ϕ ϕ= − + . (58) 
When 0k > , the above function is discussed in detail in [1]. If 0k < , we know that 4I
will increase if k  decreases. We note that (57) reduces to (50) if 0ϕ =  and it reduces 
to (52) if 2ϕ pi=  and k  is replaced by k− . From (7) and (16), the Cauchy stress 
tensor can be computed as: 
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.(59) 
The components 11T , 22T , 33T  and 12T are plotted in Figs. 18  21 for 
0, 8, 4, 3 8, 2ϕ pi pi pi pi=  and v 0.8f = . If we use the 1e - 2e - 3i  coordinate 
system, we have 1 1 2cos sinϕ ϕ= −i e e , and the shear stress component 1 2Te e  is given 
by 
( ) ( )
1 2
3
2 2 2 2
vv
sin 2 2 sin 1 1 sin 2 sin
1+v 2
fm m
f
T k k k k
µ ϕ ϕ ϕ ϕ −   = − − − − +
 
 
 
 
 
e e
. (60) 
This is the same as the shear stress computed from Eq. (71) in [8] provided 
v
1+v
m m
f
µ
α =
and v fβ = . The strain energy function (16) can be written as a function of k : 
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1
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2 1+v
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m m
f
f
W W k k k k
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
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. (61) 
It can then be verified that 
( )
1 2
ˆT dW k dk=e e  (62) 
The response of 
1 2
T
e e
 is plotted in Fig. 22 for 0, 8, 4, 3 8, 2ϕ pi pi pi pi=  and 
v 0.8f = . Based on the analysis in [8], we know that for any v 0f > , the 
non-monotonic behaviour of 
1 2
T
e e
 will be observed for small enough (positive) angle 
ϕ . For example, according to Eq. (75) in [8], when ( )v 1+vf fϕ < , we have 
1 2
0dT dk <
e e
 at cotk ϕ= . Because v 1f < , the shear stress 1 2Te e  will be always 
positive for any shear deformation 0k >  [8].  
5.  Relation with the Infinitesimal Theory 
Under infinitesimal deformations, the present composite model reduces to a 
transversely isotropic linear elastic model. Using the preferred direction of the material 
as the first axis, the mechanical behaviour of transversely isotropic linear elastic solids 
can be determined by five independent elastic constants, the Young’s moduli 1E  and 
2E , the shear modulus 12G , and the Poisson’s ratios 12ν  and 23ν , where the first 
subscript of v represents the loading direction, while the second one indicates the 
direction of lateral contraction/extension [1]. Consider the porous solid under simple 
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deformation in the preferred direction and the deformation gradient tensor F is given by 
(18). When the deformation is small, we have the approximation 1i iλ ε= + , 1,2,3i = , 
where iε  is the engineering normal strain. The strain energy function (16) can then be 
approximated as: 
( ) ( ) ( )( )
2 2
1 2 3 2 32
1 2 3 1
v
, , 3
2 v 1+v
m m
f f
W W
ε ε ε ε εµ
ε ε ε ε
 + + −
≈ = + + 
 
 
. (63) 
To compute the Young’s modulus 1E , we need consider the uniaxial loading in the 
preferred direction 1i . In this case, the lateral strains 2ε  and 3ε  can be obtained from 
( )1 2 3 2, , 0W ε ε ε ε∂ ∂ =  and ( )1 2 3 3, , 0W ε ε ε ε∂ ∂ =  as 2 3 1 2ε ε ε= = − , which is 
consistent with (25). Hence we have 21
3 v
2
m mW
µ
ε= . Using the strain energy 
approximation, we obtain the normal stress 11 1 13 vm mT dW dε µ ε= = , which can also 
be derived from the approximation of (27). The Young’s modulus 1E  can then be 
computed as follows: 
11
1
1
3 vm m
T
E µ
ε
= = . (64) 
The corresponding Poisson’s ratio 12ν  is 
2
12
1
1
2
ε
ν
ε
= − = . (65) 
Similarly, when the uniaxial loading is applied in direction 2i , we have  
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. (66) 
The lateral strains can be solved as ( )1 3 2 2 3v fε ε ε= = − + . Therefore the strain 
energy can be approximated as ( )223 v 2 3vm m fW µ ε= + . Hence the normal stress can 
be derived as ( )22 2 26 v 2 3vm m fT dW dε µ ε= = + . The Young’s modulus 2E  can 
then be computed as 
22
2
2
6 v
2 3v
m m
f
T
E
µ
ε
= =
+
. (67) 
Comparing the above equation with (64), we know that 2 1E E< . The related Poisson’s 
ratios are  
31
21 23 21
2 2
1 1
, and 
2 3v 2 3vf f
εε
ν ν ν
ε ε
= − = = − = =
+ +
. (68) 
Here 21ν  is not independent and the equation 21 1 12 2E Eν ν=  can be easily verified.  
The shear modulus 12G  can be obtained from simple shear in the preferred
direction. Based on (51), we have 
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12
12
0
v
1 v
m m
k f
dT
G
dk
µ
=
= =
+
. (69) 
6.  Conclusions 
1. A new constitutive model at finite strains for a neo-Hookean solid with aligned 
cylindrical pores is developed by coupling volumetric and deviatoric 
deformation to capture compressibility and anisotropy in contrast to existing 
models in the literature [1, 8] which fail to do so in the absence of fibres. 
2. The model behaviour is examined under various deformation modes. It is 
shown that, in the preferred direction, the model behaves very similar to those 
models in [1, 8] except the stiffness is reduced because of fibre voids. 
3. In the transverse direction, the asymptotic normal behaviour is shown to be 
similar to that of the models in [1, 8] if fibres are replaced with voids. 
4. It is also shown that, the model predicts coupled volumetric and deviatoric 
behaviours as expected for this kind of anisotropic material. 
5. It is shown that under infinitesimal deformations, the proposed hyperelastic 
model reduces to the conventional transversely isotropic linear elastic model.  
Appendix A. Proof of ( ) ( )1 3v vf fg g>  when 0 v 1f< <
When v 0.8f = , we have ( )1 0.8,15 0.00109 0f = > , and 
( )3 0.8,15 0.000111 0f = − < . Because ( )1 v ,ff J  and ( )3 v ,ff J  are both 
monotonically decreasing functions, we have ( ) ( )1 30.8 15 0.8g g> > . If 
( ) ( )1 3v vf fg g>  is not true, because ( )1 v fg  and ( )3 v fg  are continuous, there 
must exist a particular ( )*v 0,1f ∈  such that ( ) ( )* * *1 3v vf fg g J= = . Based on 
( ) ( )* * * *1 3v , v , 0f ff J f J= = , it can be derived that 
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. (70) 
Because * 1J > , from ( )* *1 v , 0fh J = , *J  can be solved as follows: 
( ) ( )2 2* * *
*
*
1 v v 3 v
1 v
f f f
f
J
+ + +
=
−
. (71) 
Substituting the above equation to ( )* *2 v , 0fh J = , we obtain 
( ) ( ) ( )
2 2
* * *
* *
3 2 *
1 v v 3 v
v v , 0
1 v
f f f
f f
f
h h
 
+ + +
	 

= =
	 

−
	 

 
. (72) 
However, it can verified that ( )*3 v 0fh >  for any ( )*v 0,1f ∈ . Hence, 
( ) ( )* * * *1 3v , v , 0f ff J f J= =  does not hold, and thus ( ) ( )1 3v vf fg g>  must hold. 
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Fig. 1. Multiplicative decomposition of the deformation gradient for compressible transversely 
isotropic materials. 
Fig. 2. Relations among principal stretches for the case of uniaxial loading in transverse direction 
( 2i ). (Top) Stretch ratio 1λ  in the preferred direction ( 1i ) vs. stretch ratio 2λ  in the loading 
direction; (bottom) another transverse stretch ratio 3λ  vs. stretch ratio 2λ . The (initial) volume 
fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 3. The volume change ratio J vs. stretch ratio 2λ  in the loading direction for the case of 
uniaxial loading in transverse direction 2i . The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 4. Normal stress 22T  vs. stretch ratio 2λ  in the loading direction for the case of uniaxial 
loading in transverse direction 2i . The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 5. The functions ( )1 v fg  and ( )3 v fg  vs. the (initial) volume fraction of the voids v f . 
Fig. 6. The function ( )*1 v fλ  vs. the (initial) volume fraction of the voids v f . 
Fig. 7. (Top) Stretch ratio 1λ  in the preferred direction ( 1i ) vs. stretch ratio 2 3λ λ λ= =  in the 
loading directions 2i  and 3i  for the case of equibiaxial stress loading in the transverse 
directions; (bottom) the volume change ratio J vs. stretch ratio λ  in the loading directions 2i
and 3i . The (initial) volume fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 8. Normal stress 22 33T T T= =  vs. stretch ratio 2 3λ λ λ= =  in the loading directions 2i
and 3i  for the case of equibiaxial stress loading in the transverse directions. The (initial) volume 
fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 9. (Top) Stretch ratio 3λ  in direction 3i  vs. stretch ratio 2λ  in the loading direction 2i , 
the stretch along the preferred direction ( 1i ) is kept as 1; (bottom) the volume change ratio J vs. 
stretch ratio 2λ  in the loading direction 2i . The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 10. Normal stresses 11T  (top) and 22T  (bottom) vs. stretch ratio 2λ  in the loading 
direction 2i , the stretch along the preferred direction ( 1i ) is kept as 1. The (initial) volume 
fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 11. Normal stresses 11T  (top) and 22T  (bottom) vs. stretch ratio 1 2 3λ λ λ λ= = =  for the 
case of hydrostatic strain deformation. The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 12. Maximum stress values 11 ( )
MT ∆  and 22 (o)
MT  vs. the (initial) volume fraction of the 
voids v f  for the case of hydrostatic strain deformation ( 1 2 3λ λ λ λ= = = ). They are almost 
indistinguishable (relative difference < 5%).  
Fig. 13. The corresponding stretch ratios 
1( )Mλ ∆  and 2 (o)Mλ  (such that ( )111 11M MT Tλ =
and ( )222 22M MT Tλ = , the maximum stress values, respectively) vs. the (initial) volume fraction 
of the voids v f  for the case of hydrostatic strain deformation ( 1 2 3λ λ λ λ= = = ). 
Fig. 14. Hydrostatic stress T vs. vs. stretch ratio 2 3λ λ λ= =  for the case of hydrostatic stress 
deformation ( 11 22 33T T T T= = = ). The volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 15. (Top) Stretch ratio 1λ  in the preferred direction ( 1i ) vs. stretch ratio 2 3λ λ λ= =  for 
the case of hydrostatic stress deformation ( 11 22 33T T T T= = = ); (bottom) the volume change 
ratio J vs. stretch ratio 2 3λ λ λ= = . The volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
Fig. 16. Maximum stress value 
MT  vs. the (initial) volume fraction of the voids v f  for the 
case of hydrostatic stress deformation ( 11 22 33T T T T= = = ). 
Fig. 17. The corresponding stretch ratios ( ) ( )1 1 2 2o ,M Mλ λ λ λ= = ∆  (top) (such that MT T= , 
the maximum stress value) and J (bottom) vs. the (initial) volume fraction of the voids v f  for 
the case of hydrostatic stress deformation ( 11 22 33T T T T= = = ). 
Fig. 18. Normal stress 11T  vs. shear deformation k  for the case of general simple 2D shear. The 
angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi  (), 4pi
(), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
Fig. 19. Normal stress 22T  vs. shear deformation k  for the case of general simple 2D shear. 
The angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi
(), 4pi  (), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
Fig. 20. Normal stress 33T  vs. shear deformation k  for the case of general simple 2D shear. 
The angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi
(), 4pi  (), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
Fig. 21. Shear stress 12T  vs. shear deformation k  for the case of general simple 2D shear. The 
angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi  (), 4pi
(), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
Figure 22. Shear stress 
1 2
T
e e
 vs. shear deformation k  for the case of general simple 2D shear. 
The angle between the shear direction 1e  and fiber direction (i1) 0ϕ =  (o), 8pi  (), 4pi
(), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
Fig. 1 Multiplicative decomposition of the deformation gradient for compressible transversely 
isotropic materials. 
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Fig. 2. Relations among principal stretches for the case of uniaxial loading in transverse direction 
( 2i ). (Top) Stretch ratio 1λ  in the preferred direction ( 1i ) vs. stretch ratio 2λ  in the loading 
direction; (bottom) another transverse stretch ratio 3λ  vs. stretch ratio 2λ . The (initial) volume 
fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 3. The volume change ratio J vs. stretch ratio 2λ  in the loading direction for the case of 
uniaxial loading in transverse direction 2i . The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 4. Normal stress 22T  vs. stretch ratio 2λ  in the loading direction for the case of uniaxial 
loading in transverse direction 2i . The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 5. The functions ( )1 v fg  and ( )3 v fg  vs. the (initial) volume fraction of the voids v f . 
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Fig. 6. The function ( )*1 v fλ  vs. the (initial) volume fraction of the voids v f . 
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Fig. 7. (Top) Stretch ratio 1λ  in the preferred direction ( 1i ) vs. stretch ratio 2 3λ λ λ= =  in the 
loading directions 2i  and 3i  for the case of equibiaxial stress loading in the transverse 
directions; (bottom) the volume change ratio J vs. stretch ratio λ  in the loading directions 2i
and 3i . The (initial) volume fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 8. Normal stress 22 33T T T= =  vs. stretch ratio 2 3λ λ λ= =  in the loading directions 2i
and 3i  for the case of equibiaxial stress loading in the transverse directions. The (initial) volume 
fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 9. (Top) Stretch ratio 3λ  in direction 3i  vs. stretch ratio 2λ  in the loading direction 2i , 
the stretch along the preferred direction ( 1i ) is kept as 1; (bottom) the volume change ratio J vs. 
stretch ratio 2λ  in the loading direction 2i . The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 10. Normal stresses 11T  (top) and 22T  (bottom) vs. stretch ratio 2λ  in the loading 
direction 2i , the stretch along the preferred direction ( 1i ) is kept as 1. The (initial) volume 
fraction of the voids ( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 11. Normal stresses 11T  (top) and 22T  (bottom) vs. stretch ratio 1 2 3λ λ λ λ= = =  for the 
case of hydrostatic strain deformation. The (initial) volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 12. Maximum stress values 11 ( )
MT ∆  and 22 (o)
MT  vs. the (initial) volume fraction of the 
voids v f  for the case of hydrostatic strain deformation ( 1 2 3λ λ λ λ= = = ). They are almost 
indistinguishable (relative difference < 5%).  
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Fig. 13. The corresponding stretch ratios 
1( )Mλ ∆  and 2 (o)Mλ  (such that ( )111 11M MT Tλ =
and ( )222 22M MT Tλ = , the maximum stress values, respectively) vs. the (initial) volume fraction 
of the voids v f  for the case of hydrostatic strain deformation ( 1 2 3λ λ λ λ= = = ). 
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Fig. 14. Hydrostatic stress T vs. vs. stretch ratio 2 3λ λ λ= =  for the case of hydrostatic stress 
deformation ( 11 22 33T T T T= = = ). The volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 15. (Top) Stretch ratio 1λ  in the preferred direction ( 1i ) vs. stretch ratio 2 3λ λ λ= =  for 
the case of hydrostatic stress deformation ( 11 22 33T T T T= = = ); (bottom) the volume change 
ratio J vs. stretch ratio 2 3λ λ λ= = . The volume fraction of the voids 
( ) ( ) ( )v 0.05 * , 0.2 , 0.8 of = ∆ , respectively. 
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Fig. 16. Maximum stress value 
MT  vs. the (initial) volume fraction of the voids v f  for the 
case of hydrostatic stress deformation ( 11 22 33T T T T= = = ). 
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Fig. 17. The corresponding stretch ratios ( ) ( )1 1 2 2o ,M Mλ λ λ λ= = ∆  (top) (such that MT T= , 
the maximum stress value) and J (bottom) vs. the (initial) volume fraction of the voids v f  for 
the case of hydrostatic stress deformation ( 11 22 33T T T T= = = ). 
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Fig. 18. Normal stress 11T  vs. shear deformation k  for the case of general simple 2D shear. The 
angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi  (), 4pi
(), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
T
1
1
/
m
k
-0.5
0
0.5
1
1.5
2
-1 0 1 2 3 4
Fig. 19. Normal stress 22T  vs. shear deformation k  for the case of general simple 2D shear. 
The angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi
(), 4pi  (), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
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Fig. 20. Normal stress 33T  vs. shear deformation k  for the case of general simple 2D shear. 
The angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi
(), 4pi  (), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
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Fig. 21. Shear stress 12T  vs. shear deformation k  for the case of general simple 2D shear. The 
angle between the shear direction 1e  and preferred direction (i1) 0ϕ =  (o), 8pi  (), 4pi
(), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
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Figure 22. Shear stress 
1 2
T
e e
 vs. shear deformation k  for the case of general simple 2D shear. 
The angle between the shear direction 1e  and fiber direction (i1) 0ϕ =  (o), 8pi  (), 4pi
(), 3 8pi  (*), 2pi  (). The (initial) volume fraction of the voids v 0.8f = . 
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